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Abstract. The problem of a spreading ground-water mound of liquid in a porous medium, situated on an imper-
meable horizontal solid layer is revisited. The mathematical formulation for this problem is given by the modified
porous medium equation. A global condition in form of an energy integral is derived, describing the loss of liquid
in the porous medium. This yields the necessary condition that enables the aymptotic derivation of the similarity
exponents for the similarity solution of second kind. The method developed here, is further applied to the corre-
sponding dipole problem, when instead of an energy integral another conservation law, the first moment integral,
is considered.
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1. Introduction

We revisit the problem, previously discussed in [1,2], [3, pp. 52-54] and references therein, of a
porous medium that is partially filled with a radially symmetric mound of liquid bounded by
u(r,t). Under the action of gravity the liquid spreads and displaces the gas outside the mound
at some points, while at other points, pores that were previously filled with liquid are being
occupied by the gas. In the mound at some (initial) time #y the liquid saturation is assumed
to be equal to 0. Due to capillary forces some liquid remains in the pores having a residual
saturation o_, see Figure 1. For slow fluid motion in the porous medium the vertical pressure
in the mound can be assumed to obey the hydrostatic law p=pg (u —z), where p is the liquid
density and g the gravitational constant. Then, according to Darcy’s law the flux of liquid
through a cylindrical surface of area 2mru is

K ap Kpgm du?

- 1.1
% ar 7 rar (4.0

where « is the permeability of the porous medium and u the viscosity of the liquid, see e.g
the classic book [4] for details. Since the change in the flux of the liquid is equal to the rate
of change in the volume of the liquid mound, due to the decreasing saturation from oy to
o_, one obtains

9 3 [ du?
2nrm(o+—a,)—u=K'og7T— r "

—, 1.2
ot u or ar (1.2
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u(r,t)

Figure 1. The spreading ground-water mound in porous medium.

where m is the volume of the porous medium, occupied by the pores. This occurs for r e
[0, r¢), ie., where du/dt <0. Beyond r. the liquid saturation is increasing from zero to oy,
i.e., where du/dt >0 the governing equation is

B] o [ ou?
2nrm0+—u _ kPt 9 FL . (1.3)
ot n or ar
If we nondimensionalize via
B S PO (1.4)
R my R4 R2

with R denoting the characteristic length scale in radial direction, and Q the volume initially
contained in the liquid mound, and denote

my o_

—=14¢ with e=——, (1.5)
m_ Oy —0_—
where
2 2 —0o_
my = 2O = 2O 00) (1.6)
Kp g kpg
the nondimensional problem is, after dropping the ' *’
2
du_19 ( ou”) or My (1.7)
at  ror or ot
2
u _lred (o) e Mg (1.7b)
at r or or at

Since the spreading mound u(r, t) is radially symmetric the boundary condition at the sym-
metry axis is

—=0 at r=0. (1.8)
or

As for the porous medium equation, solutions to the Cauchy problem for (1.7a—1.7b) have
compact support

u=0 at r=ro(t) (1.9
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and a bounding interface ro(¢) with finite speed of propagation, see e.g [5] and [6] for gen-
eral reviews and [7] for this problem. Furthermore, continuity of « itself and du/dr across the
interface r.(¢), which is defined by du(r.(¢),7)/9t =0, is assumed; see e.g [8].

Each of the Equations (1.7a) and (1.7b) is an example of the porous-medium equation and
has similarity solutions of the form

1 1
u(r, t)=— ;e), with =rt 4. 1.10
(r,1) N AU n (1.10)
However, due to the differing diffusion coefficients, the respective solutions cannot be matched
at the interface unless ¢ =0. If ¢ #0 the jump discontinuity of the coefficient in (1.7a) and
(1.7b) across the free interface r.(t) renders the integral

d [r®
—/ ru(r,t)dr#£0. (1.11)
dr 0
This means, the global condition, here conservation of the fluid mass, is not obeyed if &#0.
Indeed, as we will see in more detail later, the very fact that this conservation law is violated
prevents the a priori determination of the similarity index. On the other hand, we will solve
this problem numerically and observe that the solution enters, for large times, a self-similar
regime, which differs from (1.10); see also [8]. Similarity solutions of this type, i.e., where the
similarity index can not be obtained a priori by dimensional analysis, are termed second-kind
similarity solutions.

The problem (1.7a, 1.7b), is a special case of the radially symmetric d-dimensional prob-
lem

du du 1 9 dukt!
o 1teH (- (=, r>0
o1 [H < 8t>:|rd—1 or (r or ) "=

u(r,0)=F(r), /ro r U F(rydr=1. (1.12)
0

in conjunction with the boundary conditions (1.8-1.9) and conditions at the interface, for
d=2 and k=1, where H denotes the Heaviside operator.

It has been shown, see [7], that for k>0, d >1 the Cauchy problem has a unique solution
in a class of compactly supported, non-negative, maximal viscosity solutions. Furthermore,
they could show that, as r — oo, every maximal viscosity solution with compactly supported
initial data converges to a similarity solution of the second kind.

Here, we will construct the second-kind similarity solution to (1.12) by making use of the
violation of a conservation law to obtain a global condition relating the unknown similarity
index to a certain value of the corresponding second-kind similarity profile. The asymp-
totic method presented here represents a generalization of those developed in [9] for Baren-
blatt’s filtration equation, where we combine Lie-group and perturbation theory to derive the
unknown similarity exponent. Here, we show how our method can be extended to nonlinear
and higher dimensional PDE’s.

Interestingly, we find that, while for the special case of d =2, k=1, our results agree with
those by [10] who computed the similarity index by employing the inverse function theorem,
but differ, even qualitatively, from those found in [11] where this problem was investigated
using renormalization group methods.

We then consider the second-kind dipole solutions to (1.12), its application to the spe-
cial case of the flood problem and numerically investigate the convergence of compactly sup-
ported, positive initial data to the second-kind similarity solutions.
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2. The perturbation method

In [9] it has been shown how the second-kind similarity solution of Barenblatt’s filtra-
tion equation are obtained if the problem is viewed as a perturbation of a corresponding
problem with known similarity solution. More precisely, one can view the Lie group of
the problems with second-kind similarity as a perturbation of the Lie group of a correspond-
ing problem with known similarity solution. As a consequence of this one obtains the proper
perturbation ansatz for such problems, i.e., not only the functions but also the similarity expo-
nents are functions of the perturbation parameter. In our case we make use of the Lie group
of the porous medium equation; see [12]. Based on the method developed in [9] we start our
analysis with

ue,t)=1"" f:e)  n=rtf®, 2.1

If we substitute this in (1.12), we obtain

ka(e)+1
ﬂ@)=———5——, (2.2)
and the similarity problem for 0 <n <pn,,
k 1 ,d d dfk+l
aent! fore)— 2O LS gy & (a8 (2.32)
2 dn dn dn
and for n.<n=<mno,
_ ka(e)+1 ,df d _d et
d—1 d d—1
Cey o -, 2.3b
aen f(n;e) > T dy T dn dn (2.3b)
where ng is the point where f vanishes and 7., where the interface condition
d dol df‘k+l
— - ]=0 atn=n, 2.4
dn <n an atn=n (2.4)
holds. The normalization takes on the form
10
/O n=! fne)dn=1. (2.5)

In order to determine the similarity index «(e) one can make use of a conservation law for
the case ¢ =0. If ¢ #0 this conservation law is violated. However, as we observe next, we
obtain instead a generalized relation, we call a dissipation law. Since for our problem con-
servation of mass is violated we obtain

ro(t) re 9 9 k+1
i/ r = u(r, t)dr:/ (I+e)— (rd_l—u ) dr
dr 0 0 ar or

. it k+1
(Y e

or ar or

This condition in conjunction with the similarity form determines the similarity index «/(g) for
£#0. We observe that (2.6) becomes, in view of (2.1)

d

ay [ a1 d—1 (e)(k+1 a—n dffH!
4 er-pe )/ n Fns 6y dy =g nd=! @ ED—pE@-
0

dn Me) -

dr



An asymptotic approach 205

Hence, in view of (2.5) we obtain the relation

d 2 d—ldfk+1
=¢
kd+2 ‘kd+2" Tay

ale) + () - 2.7

We assume now that ¢ <1 and we make the perturbation ansatz

a(e) =ag+ea) +ear+---, ,B(s):—T —E e (2.8-2.9)
and
fae)=fom+efit)+e o)+ . (2.10)

If we substitute (2.8-2.10) in Equation (1.12) (or (2.3a-2.3b)), we obtain a sequence of ordi-
nary differential equations, together with the normalization

10 -1
fo ‘" fomdn=1, (2.11)

10
/ !l fidn=0, i=1,2,.... 2.12)
0

Furthermore, we obtain a sequence of equations from our relation for the similarity index,
namely,

d

__ 2.1
N =T d+ (2.13)
2 aadfi™
= e 2.14
=i dn (ne) (2.14)
2 d—1 d k
= k+1)— 2.15
=gl (k+ )d,7 (fofl) (2.15)

nN=nc

Hence we finally need to determine the values f;(n.). To leading order we have the similarity
problem for the porous medium equation which has the well-known Barenblatt-Pattle solu-
tion. Here we obtain

_ koo +1 ,d d [, dfk!
oto’ld lfo(ﬂ)—oTndd—J;oza<nd ldo—n , 0<n=<no,

which can be written as

kd+2 d\ ,_ d A kw41
( 060+—>nd ‘fo<n>=@(nd 1200 L BT fan ).

2 2 dn 2

This we integrate and recall that 9= —d/(kd +2) to obtain

1
_ k 2 2\ |F
fO(n)_[—z(kd+2)(k+1) (no n )] ; (2.16)

where ng is determined through the normalization condition

1
" _ k E/"O d-1,2 21 .
/0 n fO(")d"_<—2(kd+2)(k+1)) ; " (g —nHkdn=1.



206 B Wagner

=2< 3

where B denotes the Beta function. Since the interface condition (2.4) yields

[ kd
nC__ kci%—Z nO’

we obtain for « the formula
2+l

() () sy

Next, we find the exponents «;, i =2,3,.... For this we now have only to solve the linear
equations of second order for f;_1(n) in their respective interval of validity and require con-
tinuity across the interface at 7., in order to find the value f;_;(n.). We demonstrate this here
for i =2. To O(e) we obtain from Equation (2.3a-2.3b) for 0 <n <,

Thus

kd+2
k

Mo

2kd+2)(k+1)
k

3 1
) B(’l o 2.17)

20k

(2.18)

kd
kd+2

2
kd+2

o (2.19)
k

d d—1 d k 1 d d—1 k ddfo d d—ldf(;ﬁ_1

Bl k+1) — - - _pd 20 & -0

dn [77 (k+ )d,7 (fof1>+kd+277 Si|=a1 "7 fo X dn dn n an |’
(2.20a)

and for n. <n <no:

d [ 4 d /& 1y d—1 k 4dfo

— 1) — = — =4 —. 2.2

a [n (k+ )dn (fof1)+kd+2n fil=ar 7“7 fo X dn (2.20b)

We can now integrate (2.20a) from 0 to n and (2.20b) from 75 to 1y to obtain for 0 <n <n,:

k+1
't (k+1)din(f§f1)+kd1+2ndf1=a1f0nnd‘ fo—gnd‘;i:d = dldfdo—n, (2.21a)
and for 1. <n<no:
# ) () + g = [0 =St P, (2.21b)
Note, that now, by evaluating (2.21b) at 5, we can determine «, from
2 1y
Q== (dllo(ﬂc)+kd+2ncf1(nc)>, (2.22)
where
kng £ a-1 M *
Iy(m) = (m) /77 AT (77%—)»2) da (2.23)
and
8 2=
fl(nc)=m<a1 [17(7%)12(7%)—710 : (Is(nc)—le(nc))]
o (2’ k )
20-1) kdn% k i
g a0+ 5 (2 P +1)) 17(77c))- (2.24)

The derivation of (2.24) is given in Appendix B.
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In the following section we will apply our results to the problem of the spreading
ground-water mound in a porous medium, we expounded in the introduction. This will be
followed by a comparison with our numerical solution to (2.3a-2.3b).

3. Spreading of a ground-water mound

For the problem of the spreading ground-water mound, where k =1 and d =2 our results
come out in a particularly simple form. We have

’7%=8, 77c=1’ (31)

and
ap=—-. (3.2)

For the integrals we need for fj(n.) and o, we obtain:

1 1 1 8
=g (8-r).  hm=gr.  nm=—lo (gfg) ,

2 4 2
_ _ . n Ll o
()= 8" Iy(n) = 30 17(77)——2 , Ig(n)—8 (8 n ) ,

and
_ 2 2 2
15(77)——% [810g8+77 (log8—1)— (8—;7 >log (8—r; )] ,
_ 1 2 2 2 2 2
Ie(n) = T6 [8(log8+log4) —n~log(n”) — (8— n )log (8— n ) - log4] .
From these explicit expressions in (2.22) one can easily calculate
oy =0-05539339761 . (3.3)

This agrees with the result in [10]. For this problem there is also another result in [11] avail-
able, who employ a renormalization group method. However, while their value for «; agrees
with ours, their value for «y does not. In the next paragraph we compare the results of [11]
and ours to numerical results.

3.1. COMPARISON TO NUMERICAL SOLUTION

At this point, it is useful to numerically solve the ground-water mound problem. For this pur-
pose, we rewrite the Equation (2.3a) and (2.3b), for k=1 and d =2, in the following form:

_«a I f,,|: 1+«
S 2(1+e) o f 4(1+¢)
l1+a

ﬂﬂ:§_7_7|:f’7+Tj| for no<n<l1, (3.4b)

] for 0<n<ne, (3.4a)
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with the boundary condition at n=0,
fn(0)=0, (3.5

and the interface and continuity conditions at n=rn,

1
af (1) = —2nefy) =0, [/ =0, [/’ =0. (3.6:38)

For the boundary condition at the interface to the porous medium, we normalize without loss
of generality no=1, such that

f()=0, (3.9)

Finally, we find it numerically more convenient to replace the integral condition, or the dis-
sipation law, by an extra boundary condition at the liquid/porous-medium interface n =1.
There, we require no flux across this boundary. Hence, from (2.3b) this results in the con-
dition

l4+o

fn(1)=—T, (3.10)

The problem (3.4a-3.10) is essentially a two-point boundary-value problem for a second-order
differential equation, but with three instead of two boundary conditions at =0 and 1. The
extra boundary condition fixes the value of «/(e).

We solve this problem numerically via a shooting method. For this purpose, we convert
the second-order ODE into a system of first-order ODEs using the settings y;(n) := f(n)
and y>(n) := f,(n), which is then solved using an explicit Adams-scheme implemented in the
LSODE-package [13]. The code incorporates a local error estimator for y;(n)i =1,2, and
automatically adapts its step-size so that the estimated error is within a given tolerance for
the relative error.

The integration is first carried out for (3.4b) up to 5., starting from the right end point.
In a second step, the integration is continued to the left with the f(n.) and f,(n.) obtained
from the previous run, now using (3.4a). Note that n. has to be determined as part of the
first step; since preliminary runs indicated that f was monotone at 7., this can be done very
easily through bisection. Near the left end point, f will in general not fulfill (3.5); rather, this
requirement must be fulfilled in order to determine the similarity exponent «(e). It turns out
that, near n=0, f; depends monotonically on «, so a bisection method can again be used. In
both bisection schemes, we started with a rather generous choice for the bracketing interval,
making sure that the value of interest was included, then calculated the value of f(n.), for
example, and replaced one of the points of the interval, according to the sign of f(n.). This
procedure was repeated until both the length of the interval and f(n.) had dropped beneath
prescribed tolerances An. and A f. Similarly for a(¢) and f, near 0, with tolerances Aa and
Af, for the length of the bracketing interval and for f,, near zero.

Special attention is required when integrating the ODE near n=0 and n=1, where n and
f vanish, respectively, since these quantities appear in the denominator of certain terms of
(3.4a) and (3.4b). We avoid these regions by starting the integration at an 5, slightly smaller
than 1, and using a linear approximation to obtain a good choice for f(n,),

1 1
o~ (=2 =) =21 =) 0,

Likewise, we do not integrate up to zero, but use a small but positive value for the left end
point n; instead.
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The numerical trials were carried out using the standard choice of tolerances and trunca-
tion parameters, tol=10"10, 5, =10"%, 5, =1—-10"3, Aa=10""1, Afy= 1078, Ap.=10"11,
Af=10""7.

The results for a(e) of the numerical computations for a standard choice of tolerances and
truncation parameters plus convergence checks for the truncation parameters n; and 7, are
shown in Table 1 in Appendix A. They show very good agreement with the analytical value
a(0)=—0-5 for the first-kind similarity case.

We now compare our results with the asymptotic theory. To this end, we calculate, for
each ¢, the values

a(e)+05 a(e)+0-54+0-125¢
- T g2 ‘

o]

As & approaches 0, these values should converge to the theoretical predictions. The results are
shown in Table 2 in Appendix A. Convergence can indeed be observed for «;, and for «,. For
the latter, the numerical error prevents «; to get closer to the theoretical value for & <0-005.

The numerical estimates can be improved by extrapolation of the tabulated values for «a(¢).
To avoid the influence of numerical errors from the inclusion of «(¢) for very small ¢, we only
used the values of Table 1 for £ >0-01 to compute the extrapolation polynomial, and read off
the following values for the lower-order coefficients,

ap=—0-5000000064, o1 =-—0-1249995996, «»=0-05537538810.

When we compare the numerical solution for the decay rate «(¢) with our asymptotic results
we observe a significant improvement from our O(e?) result; see Figure 2. Here, we compare
our results with those from [11]. To that end we show, as they did in their article, the quan-
tity 10(—a(e) —1/2) as a function of &. We observe in Figure 3, that their result is also qual-
itatively very different from our results. In view of the discrepancy of the earlier results on
ay for Barenblatt’s filtration equation in [14] and [9] we are not sure if the reason might be
a problem with the way the renormalization group method is applied, since a derivation of
their higher order exponents was, unfortunately, not given.

Finally we like to address the question of convergence of solutions of (1.12) (with k=
1, d =2) of compactly supported positive initial data F(r) to a similarity solution. For the
numerical integration of (1.12) we make use of the ImsL routine DMoLcH. This routine uses
the method of lines, where the spatial discretization is achieved by collocation using cubic
Hermite polynomials. The routine assumes that the initial data satisfy the boundary condi-
tions and have smooth derivatives. In all our calculations we let the number of Hermite knots

14 T T T T T T
05 T T T T T T 12 R
+ N 1k J
053 Loy 9 o8t b
F & 1 7 +
3 P 3 06} + 5
. R - - +"f_..<-
056 |- AR e R
-0 N 04 F et 4
i i 02 | §
-059 L 1 L 1 L L 0 1 Il Il 1 L L
0 01 02 03 04 05 06 07 0 01 02 03 04 05 06 07
3 e
Figure 2. Numerical result (+). First order (—) and Figure 3. Numerical results (+), the first-order asymp-
second order (---) asymptotic results. totic result (—), Goldenfeld er al second-order

asymptotic result (---), our second-order asymptotic
result (---).
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N =500 and specify the error tolerance tol=10"". If we now multiply the solution u(r, ) by
t=@ and r by r~P®, then, in these scales, we observe, that the solution tends to a station-
ary limit as t — oco; see also [15]. As an example we set ¢ =0-3 and use our asymptotic results
(3.1-3.3) in (2.8-2.9). For the initial condition we use the function

F(ry=(1-r>% for —1<r<lI, (3.11)

and zero otherwise. We observe in Figure 4, that already for ¢ =10 the solution is, within
graphical resolution, stationary, ie., in self-similar form.

4. The dipole problem

We demonstrate in this section that our method also extends to problems with different
underlying conservation laws. Here, we consider instead of conservation of mass for the
underlying porous-medium equation ((1.12) for ¢ =0), the conservation of the flux and for
simplicity restrict ourselves to the case where d =1. We therefore assume now, that the result-
ing problem is not symmetric about x =0 and impose Dirichlet boundary conditions at x =0.
We notice first that this problem does not admit an energy integral; however, if we consider
the first moment, we immediately see, after integrating parts, that

d o0
5/ xu(x, )dx =u*t10,1).
0

Thus, the flux is conserved if Dirichlet boundary conditions are obeyed at x =0. This problem
has similarity solutions of the first kind, the so-called dipole solutions, describing the large-
time behavior of solutions with initial data on the halfline, [16]. Existence of a unique con-
tinuous weak solution with compact support, as well as convergence to the dipole solution in
the large-time limit has been shown in [17,18].

One typical application of this problem for k=1, concerns the impact of a flood on the
motion of groundwater. If for example at a certain time the level of a liquid begins to rise
quickly at the symmetry-axis x =0 of a porous layer and after a short duration is again with-
drawn, the large-time behavior of the liquid distribution in the porous medium shows a front
moving with finite velocity further into the porous medium, while at the boundary x =0 fluid
is lost at a constant rate.

Here, we are concerned with the effect of some additional loss of liquid in the pores of
the layer, which, of course, to a certain extent, is the case for all materials.

-0.5 T T T T T T
0.15 r 7
052 | 4
L o J
01f 1 0541 Los 7
> 3t P ]
< -056 |- oy T
L + g
0.05 - . + ]
-058 | J
06 i | | | | | | J
0_3 o 3 0 01 02 03 04 05 06 07
1 3
Figure 4. t~%u(x,r) in similarity variables at times r= Figure 5. Numerical result (4), first-order (—) and
001 (—), 01 (+-+), L (---), 10 (= o0 —), 100 (—* —) second-order (---) asymptotic results.

for e=0-3.
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When considering an analogous situation as for the problem of the groundwater mound
(k=1), where the fluid spreads in a porous medium, we will observe that also conservation
of the flux is violated and replaced by a corresponding dissipation law.

Hence, when looking for the large-time behavior of solutions to the problem

u ou\ ] 92uktl
—=|(14+eH|—— , x>0

ot ot dx2
X0
u(x,0)=F(x), / xF(x)dx=1, 4.1
0
we expect the similarity solutions to be of second kind. As in the previous section we con-

struct them by using the composite-expansion ansatz (2.1) in (4.1) to obtain B(e) =—[ka(e)+
1]/2 and the similarity problem for 0 <n <n,:

k 1 ,d d [ dfkt!
a(e)n f(n; &) — %%é:am & (n];—n —fk+1(n;e)> , (4.2a)
and for n. <n=<no:
ka(e)+1 ,d d [ dfk+!
a(e)n f(n;S)—%UZIﬁ:d—n (n];—n—fk“(n;s)) (4.2b)

In this problem f(#;¢) vanishes at n=0 and n=ny. Here n. is the point where the interface
condition

d2fk+l
holds and the normalization is here
10
/O nfm;e)dn=1. (4.4)

The dissipation law for the mass-flux takes on the form

d [ro0 Xe 5 [ oukt!
- — 1 - _ o k+1
dt/o xu(x,t)dx fo (1+¢) o (x Py u dx

X0 k41 k41
+ / 9 <x3“——uk+1> dx=e (xca”;x (e (8, ) —ut*! (xcm,r)),
X,

; ax ax
4.5)
which, in conjunction with the similarity form, yields the following formula for the similarity
index a(g):
k+1

dn

a@)k+1)+1=¢ (nc (ne) — f*H1 (m)) : (4.6)

We assume now that ¢ < 1 and we make the perturbation ansatz (2.8-2.9-2.10) from which
we obtain

10
/O n fomdn=1, 4.7)

10
/O n fi(mdn=0, i=1,2,..., 4.8)
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and
|
Oloz—m, (49)
d k+1
aj=— k+1 (f"“ (1) — fe——2— f (m)) (4.10)
(fo fi-ng (fofl))hy—nc- @.11)

In order to determine fy(n.) we integrate the leading-order problem and obtain, in view of
(4.9)

k41
f

— S ap + n* fo(n) =0. (4.12)

2(k+1)

The use of the integrating factor [y@+1D/&+D £1=1 then enables us to solve for fy (see also

[16]):

k+2 I3
fom) = ny —nm> nkil] : (4.13)

k
|:2(k+2)(k+ 1) <

and the normalization condition yields no:

1
2(k+1) 2/2 2 D\ * 1
o :Zil ( o lz(kJr )) k1 k1 (@.14)
B(fE+1.51)
Since the interface condition (4.3) yields
B (k(2k+3))i15 @1s)

we obtain for «; the formula

2k+3 k+1
1 k(Q2k+3)\ 2 k+2 & <k+1 k+1)

k)=— - B —+1,— ). 4.16

o1 (k) k+1(2(k+1)2> (2(k+1)2> 2 Tk (4.16)
The index «y is again determined by solving the O(e) problem for 0<n<n,, viz.

d d n* fi
Ll ks a4k ok
W [( + )(ndn (rn) f0f1)+2(k+1)

k d d k+1
=a1(nfo—— d—f) i (n o fk+1>, (4.17a)

and for n. <n<no:

d d k n”ho| »d fo
d—n|:(k+1)(ﬂd—n(fof1>—fof1>+2(k+1):|—ot1(Tlfo—zn dﬂ) (4.17b)
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To solve this, we integrate (4.17a) from 0 to n and (4.17b) from 5 to 59 and obtain for
O=n=ne

d ke g 0’ fi _ T koadfo df(;(Jrl k+1
) (ngr =0 )+ 5ot = [ 3= 5220 ar =™ g i s

and for nc<n<no:

k+1) (nd%(fé‘fl) — fé‘ﬁ) + 2(121‘1) ——a /ﬂ"o Ao — gxz% da. (4.18b)
Thus, by (4.18b) we can determine «y from
1 1 )
Q== (011 Jl(nc)‘f‘mncfl(nc))v (4.19)
where
Ji(n)= /n "o gxz%‘) da. (4.20)

We solve the next-order problem to determine fi(n.) in Appendix C.
5. The flood problem: asymptotic and numerical results

Let us look again at the case, where k=1 and recall the problem of the impact of a flood on
the groundwater motion, briefly described in the last section. From our asymptotic results, we
find in this case

==z, o= —0-1427743036, «=0-06773941887. 5.1

For details see Appendix C.1.
For a comparison of our results with the numerical solution of this problem we recast the
equations in the following form. For 0 <#n <n,:

fnz 1 l+a f
and for no<n<1:
fio1 l+a f,
—_In gy g 2
S f+2|:0‘ ) rlf:| (5.2b)
with the boundary and interface conditions at 0, n. and 1,
f(0)=0, (5.3a)
nt + 4o
UTE=0. [ALE=0.  af(me)— ——nefy(ne) =0. (536)
l+o
F=0, fn(l)z—T, (5.3¢)

where we have normalized 5 to 1.

Again, we have to solve a two-point boundary-value problem with one boundary condition
more than the order of the differential equation, which is necessary to fix the unknown sim-
ilarity exponent «(e). The numerical algorithm follows a pattern very similar to the method
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used for the groundwater mound problem with comparable accuracy. Comparing the results
with our asymptotic solution shows very good agreement as seen in Figure 5.

In Figure 6 we show some typical self-similar shapes for the dipole solution for various e.
We observe, that when the residual saturation o_ approaches o4, ie, 1/(1 +¢) — 0, the simi-
larity shapes become symmetrical about their maximum. In this limit, the spreading rate 8(¢) =
—[ka(e) + 1]/2 vanishes. This can be seen in Figure 6, which shows a range of spreading rates.

6. Calculation of waiting times

Finally, we like to make a few remarks on how solutions of (4.1) (with k=1) converge to the
similarity solutions for various ¢, for compactly supported positive initial data F(x). For the
numerical integration of (4.1) we use again the IMsL routine DMoLcH. Again, we let in all our
calculations the number of Hermite knots N =500 and specify the error tolerance tol =10~".
For the initial condition we use the function

F(x):x(Z—x)3 for 0<x<2, 6.1)

and zero otherwise.

At first we consider the case ¢ =0. We observe in Figure 7 that the similarity solution
emerges rather quickly. Furthermore, we note that, until about t* ~0-11, the support of the
initial data does not move, ie, we have a positive waiting time t*. We illustrate these prop-
erties in the left side of Figure 8, where we compare the numerical solution to (4.1) with the
solution to (5.2a-5.3c). Here, we scale the solution f () such that its maximum agrees with
the maximum of u(x,?) and multiply np=1 by the right boundary of the support of u(x, t),
at a given time.

From the previous sections we know that, for ¢ >0, the decay rate «(¢) increases, while the
spreading rate B(e) decreases. Starting with the same initial data as above (6.1), we observe
this behavior in Figure 7 (on the right) for ¢ =10.

Furthermore, we find that the waiting time for ¢ >0 is larger than for ¢ =0. This has the
effect that in such cases, the solution is almost in self-similar form before the boundary of its
support begins to move, as can be observed on the right-hand side of Figure 8. Hence, inter-
estingly, the location of the boundary is here completely described by the similarity solution.

Note however, that waiting times result to a certain extent from local effects [19]. For
initial shapes other than (6.1), for example when the right boundary of the support is
approached linearly, we observe zero waiting times. A classification for initial conditions with
positive waiting time for the modified dipole problem, as well as the modified porous-medium
equation is still not completely understood.

0.04 T T T 0.25 T T I I
0.2 4
0.03 N
x
T 0150 ]
e
0.02 |
- = 0l g
0.01 0,051 |
0 1 1 1 1 h 0 1 1 L 1
0 0.2 04 0.6 0.8 1 0 02 04 0.6 08 1
n 1/(1+¢)

Figure 6. Self-similar dipole solutions for various & (left). The spreading rate —p as a function of ¢ (right).
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Figure 8. Comparison of u(x,t) and the corresponding similarity solution (--- x ---) at rt=0:06,0-12,0:16 for e=0
(left) and at r=0-06,0-16,0-2 for ¢ =10 (right).
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7. Conclusions

In this paper we derived the second-kind similarity solutions for the modified porous-medium
equation using an approach that combines Lie-group and perturbation theory. We demon-
strated how, for the special case of a spreading two-dimensional liquid mound, it is straight-
forward to determine the second-kind similarity exponent. Our results disagree with those
of [11] to higher-order terms in the perturbation expansion of «. We also studied the
second-kind dipole solutions. These similarity solutions occur for the Dirichlet initial-bound-
ary-value problem and our method exploits the deviation from conservation of mass flux. We
compared our results to numerical computations and showed how, for positive compactly sup-
ported initial data, the similarity solutions are approached.

We like to note that our method is not limited to the family of problems investigated in
this paper. In general, the small perturbation parameter ¢, needed to carry out the asymp-
totic expansion, is identified as the deviation of the second-kind process from a corresponding
first-kind self-similar process, and the Lie group of the second-kind self-similar process emerges
as a perturbation of the Lie group of the corresponding first-kind process. More generally, our
method is applicable to problems in which at least one value of the similarity index, together
with the similarity solution, first or second kind, is known. About this value the Lie group can
then be perturbed and solutions for the related problems can be determined.
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Appendix A. Tables

Table 1. «(e) for various 1 —n,, n; for a standard choice of tolerances and truncation parameters, tol =
10719 5, =107%, 5, =1-107°, Aa=10""1, Afy,= 1078, Ap.=10"", Af=10"".

P 1—n,=10"5 1—n, =104 1—n,=103 m=10"3 m=10"2

0 —0-500000005 —0-500000014 —0-500001003 —0-500000499 —0-500049962
0-001 —0-500124949 —0-500124959 —0-500125948 —0-500125444 —0-500174898
0-005 —0-500623623 —0-500623633 —0-500624626 —0-500624118 —0-500673534
001 —0-501244496 —0-501244506 —0-501245504 —0-501244990 —0-501294359
0-025 —0-503090869 —0-503090879 —0-503091893 —0-503091362 —0-503140590
0-05 —0-506115352 —0-506115362 —0-506116402 —0-506115842 —0-506164840
0-075 —0-509076148 —0-509076158 —0-509077225 —0-509076636 —0-509125409
01 —0-511975789 —0-511975800 —0.511976893 —0511976275 —0-512024827

Underlining indicates the digits which coincide with the values obtained for our standard choice.

Table 2. «;(¢) and w,(¢) computed from
the numerical data, for various e.

& (03] (2%}

0-001 —0-12495 0-05100
0-005 —0-1247 0-05508
0-01 —0-1244 0-05504
0-025 —0-1236 0-05461
0-05 —0-1223 0-05386
0075 —0-1210 0-05313

0-1 —0-1198 0-05242
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Appendix B. Derivation of fi(».)

In order to determine fj(n.) we multiply (2.21a-2.21b) by the factor n'=9 (»3 —nz)fl/k and
integrate the resulting equation for the interval 0 <n <n. from 0 to 5, and the equation for
the interval . <n <ng from 5. to n. This yields for 0 <n <n,:

: o\ 2(kd +2
fl(’?)=< 2’70 2) f10) + (—+Z_, [y () — ()], (B.la)
No—"N k(n(Z)_,,IZ)T

and for n.<n=<no:

k—1

kol 2 T
k n I
t fi(ne)—a — kA2 0D 4, (B.Ib)
2 2 k—1
Mo—1 k(g —n?) % Jne nd=1 (n2 —n?)

_ 2
f1(77)—<kd+2>

—

where

1 k=1
knz k pno B 772 k
nw=(srs ) [ (o) @
2kd+2)(k+1) ) J, 2=
1

" h®) n’ k ¢
1()=/ ——dx, Bp=- < ) ,
2= 1 () PP 0d+2) \2(kd + D)+ 1)

In order to eliminate the constant f;(0) we first multiply (B.1a—B.1b) by #n?~! and integrate
the first from 0 to 5. and the second from 7. to ng. After adding both, we can make use of
the normalization (2.12) and obtain

k—1

2 \'F 2(kd +2
0=11(0) I7(nc)+ (W) Si(me) Is(nc)+¥ (1[Is(ne) — Ie(ne)] — 1a(ne)),  (B.2)
where
1 k £opno pdil
—_ B.3
== ka2 <2(kd+2)(k+1)) /0 (R —32) o (52
n )\'d—l A I
O [ [ #d} o B
0 (n(Z)_)\Z) k 0 O.d—l (n%_o-Z)k
10 )Ld—l A I
I6(’7)=/ — [/ (@) lda} da, (B.5)
To(g=22) T L od 7t (g —o2)F
e , - , -
_ kng _ kng
17(")_<2(kd+2)(k+1)> )., Ig(n)_(Z(kd+2)(k+l)) To(m).

Thus, (B.2) together with (B.1a) at n=n, yields the formula

20-1)
fine) = ) (al |:17(776)I2(770)_77() ¢ (Is(nc)—lé(nc))]

dp(d k+l
’703(7’ k
1

2 L + 6 ( i )kh(n) (B.6)
0 T 2(kd +2)2 \2(kd +2)(k+ 1) ) '
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Appendix C. O(e?) solution to the dipole problem

In order to determine fi(n.), we observe first that (4.18a), (4.18b) can be written in the form
;240 dfo ”

d 20k +2
d<yknk+1f1(n)) k+2) /f— dx

_ 1, (C.1a)
1
k ykn 2 da ykn2
for 0<n<n., and

k41
+fo

d /1 -1 2(k+2) a d
—(y Kokt f1(n))= ! / rfo— AZ fo (C.1b)
dn yk 72 2

for n. <n<ngy, where we denote

k+2

ya=ng — k.

k—1

We can now integrate (4.18a) from 0 to n and (4.18b) from 7. to n to obtain for 0<n <n,
0\ F k2 2(k+2) 1ok k42
nfi(m) = (T) &ty + ——y () © 0T (1 Fi(n) = F2(m) .

(C.2a)
and for 0<n<n,
o\ T 2k +2)
c ki = 1k k£2
nf1(n)=(yy(}z7)> nks * fi(ne) — . ym) ® nitla F3(n), (C.2b)
where we denote

lo=1im n%fl(ﬂ),

F1(77)—/77 (/ f——cr2 d/fo )dx,
0 y(xmz do

k+1 n 1 0 k d
Fz(m:/ —dx, F3(77)=/ : ( ofo— Kg2400 4 )dx.
0 y()EA2 ne y(A)EA2 do

We finally use the integral condition (4.8) after we integrate (C.2a) from 0 to 5. and (C.2b)
from n. to no and adding the resulting parts, yielding

2(k+2
0—loG1+n"“f1(m)H1+( )

(G2— Hy), (C3)
where

Te (" no T e 1k k42
G1=/ — n&+l dn, G2=/ y(m) F &t (o Fi(n) — F2(n) dn,
0 y(n) 0

k—1
M)\ F k2 o 1k k+2
Hy = <y—c) n&Tdn, H2=/ y(m) F nETay F3(n)dn.
Ne y(n) c
Equation (C.3) together with (C.2a), evaluated at n=n,, enable us to eliminate /y and to solve
for fi(ne):

1—
2(k+2) L nk (@1 F1(nc) — Fa(ne)) — 210
fl(nc)=(T)n§“ o ! ’ a . (C.4)
Y0 [y 00D T + &
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C.1. ap FOR THE FLOOD PROBLEM
The integrals, needed to find fi(n.), turn out to be

3/2 3/2

Mo 3 n n 172
Fiin)=———1log(l —z°), Fx(n)=—-—=—, where z=<—) .
1(n 60 g 2(n 7 7o

3/2

M 241\ _ L (=07
F3(n) = 0 x/garctan( ﬁ) 2log T1740
3/2

172
(¢(z)—¢(v)), where v=<&) )

Z
+log(1— ;3)} =
v no

5/2 5/2
(’70/ _nc/ )

Hy=——7— 011770 <\/_(1 —v’)arctan (

3
2;2

2 5p

G 5’74 s H1=

Wl

) - é(1 +v))log(1 +v+v?)

150 2

20 (1o
2 UU

0517)0
150

204+1\ 3 2 1 4
3arctan< li/—g ) 3 2(1+5v )+x/§arctan<ﬁ>>+2n§8.
These yield the value oy =0-06773941887.

6
3(log(3)— §> —p()(1— vs)) :

Gy=—

R T
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